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THEORETICAL MODEL OF BUOYANCY-INDUCED FLOW IN ROTATING CAVITIES  
J Michael Owen and Hui Tang 
Department of Mechanical Engineering 
University of Bath 
Bath, BA2 7AY, UK. 
 
ABSTRACT 
The Ekman-layer equations, which have previously been solved for isothermal source-sink flow in a 
rotating cavity, are derived for buoyancy-induced flow. Although the flow in the inviscid core is three-dimensional 
and unsteady, it is assumed that the flow in the Ekman layers is axisymmetric and steady; and, as for source-sink 
flow, the average mass flow rate in the Ekman layers is assumed to be invariant with radius. In addition, it is 
assumed that the flow in the core is adiabatic, and consequently the core temperature increases with radius and 
with rotational speed. Approximate solutions are obtained for laminar flow, and it is shown that the Nusselt 
numbers for the rotating discs and the mass flow rate in the Ekman layers are proportional to 4/1
cGr where cGr is 
a Grashof number based on the rotational Reynolds number and the temperature difference between the disc and 
the core. The equation for the Nusselt numbers, which includes two empirical constants, depends strongly on the 
radial distribution of the temperature of the discs.   
 
Nomenclature 
a   inner radius of rotor 
b   outer radius of rotor 
c  speed of sound in core 
Co  Coriolis number (
b,cb,o
c
TT(/
r
v
2  

) 
pC   specific heat at constant pressure 
Cw  mass flow parameter ( b/m  ) 
G  gap ratio (= s/b) 
cGr  Grashof number in model ( )TT(Re b,cb,o
2
  ) 
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fGr  Grashof number in experiments ( )TT(Re fb,o
2
  ) 
ch   heat transfer coefficient based on Tc (= )TT/(q coo  ) 
fh   heat transfer coefficient based on Tf (= )TT/(q foo  ) 
I  integral 
k   thermal conductivity of air 
k s  thermal conductivity of disc 
L characteristic length 
m  mass flow rate 
M   frictional moment on disc 
Mac  Mach number in core ( c/bc ) 
Nuc  local Nusselt number based on ch  (= k/rhc ) 
Nu,f  local Nusselt number based on fh  (= k/rh f ) 
p  static pressure 
P  reduced pressure 
Pr  Prandtl number 
qo  heat flux at disc surface 
r   radius 
R  gas constant 
Rez axial Reynolds number (= WL/) 
Re rotational Reynolds number (  /2bb ) 
Ro Rossby number (= a/W  ) 
s axial space between discs in cavity  
t disc thickness  
T  static temperature 
Tc, Tf ,To temperature of core, throughflow, disc  
w,v,u   radial, tangential, axial components of velocity in rotating frame 
uˆ   characteristic value of u in Ekman layer 
cv   value of v in core 
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zr V,V,V   radial, tangential, axial components of velocity in stationary frame  
W  axial component of velocity of throughflow 
x  nondimensional radius ( b/r ) 
xa radius ratio (= a/b) 
z  axial distance from disc 
   volume expansion coefficient (=1/Tref) 
   ratio of specific heats 
   thickness of Ekman layer 
   nondimensional thickness of Ekman layer (= /b) 
T  temperature difference between fluid in Ekman layer and core (= T-Tc) 
c,oT  temperature difference between disc and core (= To-Tc) 
fT  temperature difference between disc tip and throughflow (= To,b-Tf) 
  nondimensional axial distance (=  /z )  
  nondimensional temperature (= (To – Tc)/(To,b – Tc,b)) 
  dynamic viscosity 
   density 
 ,r  radial, tangential components of shear stress  
c,   angular speed of disc, core 
  
Subscripts 
a  value at r = a 
ad  adiabatic  
b   value at r = b 
c  value in core 
f  value in axial throughflow 
o  value on disc surface 
ref  appropriate reference value 
sh  value on shroud 
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z,r,  circumferential, radial, axial direction 
 
1. INTRODUCTION 
Buoyancy-induced flow in rotating cavities with an axial throughflow of air has an important effect on 
the clearances between the blades and casing of the high-pressure compressors in an aeroengines. Calculation of 
the radial growth of the corotating compressor discs involves knowledge of the flow and heat transfer inside the 
cavity between the discs. For buoyancy-induced flow, the inviscid flow in the core must be non-axisymmetric; 
for the case of hot discs and cold air, cyclonic and anti-cyclonic vortices create the necessary Coriolis forces to 
allow plumes (or so-called ‘radial arms’) of cold air to flow radially outward in the core, as shown in Fig. 1. These 
flows are three-dimensional, unsteady and unstable, and predictions using computational fluid dynamics (CFD) 
are very expensive and usually unreliable.  
This paper is concerned with an approximate solution of the buoyancy-induced flow and heat transfer in 
rotating cavities. This involves solving the so-called linear Ekman-layer equations where, in a rotating frame of 
reference, the nonlinear inertial accelerations in the Navier-Stokes equations are negligible compared with the 
Coriolis accelerations. For the symmetrically-heated case, where the temperature in the cavity is symmetrical 
about its mid-axial plane, it is shown below that the average axial mass flux must be zero in the core. In this 
symmetrical case, the boundary layers on the discs must be nonentraining layers, referred to as Ekman layers. For 
the case where the buoyancy force is negligible, the equations reduce to the standard Ekman-layer equations, 
which have been solved for laminar and turbulent source-sink flows by Owen, Pincombe and Rogers [1]. 
A brief review of relevant work is given in Section 2. The Ekman-layer equations for buoyancy-induced 
flow are derived in Section 3, and solutions for laminar flow are given in Section 4. A summary of the main 
conclusions are given in Section 5. 
The definitions of symbols, some of which are also defined in the text, are given in the Nomenclature. 
The  coordinate is measured in the direction of rotation of the discs, r is measured from the axis of rotation and 
z from the surface of one of the discs. 
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Fig. 1 Schematic of flow structure in heated rotating cavity  
with axial throughflow of cooling air [ Farthing et al. 7] 
  
2. BRIEF REVIEW OF RELEVANT RESEARCH 
A review of buoyancy-induced flow and heat transfer in open and closed rotating cavities is given by 
Owen and Long [2]. The work below relates only to the flow structure for the axial-throughflow case, where the 
Rossby number, Ro, has a significant effect. In addition to the papers referred to below, the books of Childs [3], 
Owen and Rogers [4] and Tritton [5] provide a theoretical background for a wide range of rotating flows.  
The axial throughflow of air creates a toroidal vortex near the centre of the cavity, as illustrated in Fig. 
2, and the radial extent of the vortex increases as the throughflow increases and as the rotational speed decreases. 
Owen and Pincombe [6] made flow visualization and LDA measurements under isothermal conditions, in an 
experimental rotating-cavity rig without a central shaft, with G = 0.53 and a/b = 0.1. Tests were conducted for 
Ro8.0 , and it was observed that the size and strength of the toroidal vortex increased as Ro increased. 
Radially outward of the vortex, solid-body rotation occurred; inside the toroidal vortex, the recirculating flow 
tended to create a free-vortex, where  r/V   > 1 near the centre of the cavity; at the larger Rossby numbers, 
values of V could be 28 times the local disc speed! The authors also observed axisymmetric and non-
axisymmetric vortex breakdown: in the former case, the central jet expands inside the cavity; in the latter case, 
the jet departs from the central axis, precessing violently and creating non-axisymmetric flow inside the cavity. 
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Fig. 2  Simplified diagram of axial throughflow in an isothermal rotating cavity  
Farthing et al. [7, 8] carried out flow visualisation and velocity measurements in four different rotating-
cavity rigs, each with a/b  0.1. Tests were conducted over a range of gap ratios with 0.133 < G < 0.533, and – 
like Owen and Pincombe  – the authors observed axisymmetric and non-axisymmetric vortex breakdown. For 
G 0.4, the breakdown could be dramatic, creating strong non-axisymmetric circulation with r/V   >> 1 in 
the cavity. For G 0.267, the effects of vortex breakdown were weak, and for Ro < 20 the fluid returned to solid-
body rotation in most of the cavity.  
From video recordings of the flow when one or both of the discs were heated, Farthing et al. [7] found 
that the flow in the cavity became non-axisymmetric: cyclonic and anti-cyclonic vortices were observed, as shown 
schematically in Fig. 1. Cold air moved radially outward in a ‘radial arm’, which was similar to the plume of 
smoke rising from a factory chimney, and flow was observed to flow radially inward in Ekman layers on the discs. 
The linear equations (see Section 3.1) were used to show that cyclonic and anti-cyclonic circulation respectively 
produce low and high pressure regions inside the core of rotating fluid in the cavity, and the resulting non-
axisymmetric pressure provides the Coriolis forces required to produce the radial flow of air needed for the 
convective heat transfer. In the experiments, the rotating core of fluid precessed at a constant angular speed, c, 
slightly less than that of the discs; the ratio of c/ decreased as the temperature difference between the discs and 
the cooling air increased.  
Owen and Powell [9] made measurements in a rig, where a/b = 0.4 and G = 0.2, and there was a central 
rotating shaft. The downstream disc was heated, and LDA and heat transfer measurements were made for 4  105 
< Re < 3.2  106 and 0.05 < Ro < 14. Spectral analysis of the LDA measurements revealed a multi-cell structure 
comprising one, two or three pairs of vortices.   
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Long et al. [10, 11] tested a 70% replica of a high-pressure compressor rotor with
195.0G,318.0b/a  for each cavity. As in an engine, the shrouds were heated by an external flow of hot air 
inside a pressurised casing, and there was an axial throughflow of cold air in the radial clearance between the cobs 
and a central (rotating or stationary) shaft; the radial clearance could be altered by the use of shafts of different 
diameter. The velocities in the cavities were measured using an LDA system, and the temperatures on the solid 
surfaces were measured by embedded thermocouples. Their velocity measurements, which were consistent with 
those made by Farthing et al., showed that the Rossby number had a strong effect on the flow in the toroidal vortex 
at the smaller radii. Solid-body rotation (with c/ < 1) occurred at the larger radii, where buoyancy effects 
dominated. 
For heated stationary cavities, there is a critical Rayleigh number (where Ra =  Pr Gr) at which stably-
stratified flows become unstable and buoyancy-induced flow (referred to as Rayleigh-Benard flow) occurs. For 
rotating cavities with an axial throughflow, although it is unclear at what conditions buoyancy-induced flow 
occurs, the results of Tang et al. [12] suggest that buoyancy effects appear to be small for Gr < 8 x 108 . More 
research is needed to determine the transition to and from buoyancy-induced flow in rotating cavities. 
 
3. DERIVATION OF EQUATIONS FOR BUOYANCY-INDUCED FLOW IN ROTATING 
CAVITIES 
3.1 Linear equations for flow in rotating core 
It is assumed here that, in contrast to the flow in the Ekman layers, the flow in the rotating core is inviscid. 
Although the results derived below are based on the assumption that the nonlinear inertial accelerations are 
negligible compared with the Coriolis accelerations, in [1] it was shown for the isothermal case that the results 
often apply to rotating fluids even when the inertial terms are significant.  
The symbols  w,v,u  (where zr Vw,rVv,Vu   ) denote the radial, tangential and axial 
components of velocity in a rotating frame of reference, and p denotes the static pressure. The frame rotates at a 
constant angular speed   about the z axis, the flow is steady and the fluid is inviscid.  
In cylindrical polar coordinates for a rotating frame, the continuity equation for steady flow (or the time-
average equation for unsteady flow) can be written as  
0)w(
z
r)v()ru(
r











      (3.1) 
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If rw,v,u  , so that the nonlinear inertial terms are much smaller than the Coriolis terms, the Navier-
Stokes equations reduce to 
r
p
)r
2
1
v(2


         (3.2a) 





p
ru2          ` (3.2b) 
 0


z
p
        (3.2c) 
The Coriolis accelerations are v2 and u2 in the radial and tangential directions respectively, and eqs (3.2 a, 
b & c) are referred to as the inviscid linear equations.  
Eq (3.2b) shows that for axisymmetric flow u = 0. (For radial flow to occur in a rotating cavity, either it 
must be confined to the Ekman layers - where the Coriolis forces are produced by shear stresses – or, as discussed 
below, the flow must be non-axisymmetric.) 
Using eq (3.2) in conjunction with eq (3.1) it follows that 
 0)]r
2
1
v([
z



       (3.3a) 
0]ru[
z



        (3.3b) 








2
1
]w[
z
       (3.3c)  
If eq (3.3c) is circumferentially averaged, the average axial mass flux ( w ) must be constant or zero.  
For flows that are symmetrical about the mid-plane of the cavity (e.g. symmetrically-heated discs), it follows that 
the average axial mass flux must be zero. Consequently, for the symmetrical case, there can be no net entrainment 
into the Ekman layers on the discs, and the mass flow rate must therefore be constant.  
For incompressible flow, eqs (3.3a,b,c) reduce to  
0
z
v



         (3.4a) 
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0
z
u



         (3.4b) 
0


z
w
        (3.4c) 
That is, the velocity is axially-stratified: there is no variation of velocity in the axial direction. This is known as 
the Taylor-Proudman theorem. 
The so-called reduced pressure P is defined as  
22r
2
1
pP         (3.5) 
and, for incompressible flow, eq (3.2a) can be expressed as  
v2
r
P



        (3.6) 
So for a cyclonic vortex, where v > 0, r/P  > 0. As in the earth’s atmosphere, cyclonic circulation is therefore 
associated with low pressure (which increases with distance from the centre of the vortex); conversely, anti-
cyclonic circulation (where  v < 0)  is  associated with high pressure.  
   
3.2  Ekman-layer equations for buoyancy-induced flow 
This section builds on the isothermal source-sink flow equations of [1]. Only the buoyancy-induced flow 
in the Ekman layers radially-outward of the toroidal vortex is considered here.  
In the core, which is denoted by the subscript c, pairs of cyclonic and anti-cyclonic vortices create 
alternating regions of low and high pressure. These generate the circumferential pressure gradient which, as shown 
by eq (3.2b), is required to produce a radial flow in the rotating fluid. As observed in [7] and shown in Fig. 1, it 
is assumed here that cold air flows radially outward from the toroidal vortex in plumes (or ‘radial arms’) in the 
core, and air returns radially inward inside the Ekman layers on the hot discs.  
As shown in Section 3.1, if eq (3.3c) is circumferentially averaged, the average axial mass flux ( w ) 
must be constant or zero. Consequently, for the symmetrical case considered here – where the temperatures are 
the same on both discs - there can be no net entrainment into the Ekman layers on the discs. Circumferentially-
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averaged velocities are used below, and the average flow rate in the Ekman layers is therefore assumed to be 
constant.  
It follows that m , the average mass flow rate in the layer, is given by 
dzur2m
0
 

 = constant      (3.7) 
(The infinite upper limit of the integral is used here for consistency with the equations in Section 4.) 
Eqs (3.2 a, b) apply in the core where 
 c
c2
c )
r
p
()
r
v
21(r




       (3.8a) 
ccc )
p
(
r
1
u2




          (3.8b) 
For the Ekman layer on each disc 
zr
p
)
r
v
21(r r2








       (3.9a) 
z
p
r
1
u2








          (3.9b) 
where  ,r are the radial and tangential components of shear stress. If it is assumed that the pressure in the 
Ekman layer equals that in the core then it follows that the radial momentum equation becomes 
z
)()
r
vv
(2r rc
cc2









 



      (3.10a) 
and the tangential momentum equation is 
z
)uu(2 cc




        (3.10b) 
For the isothermal case, where c  = constant, eqs (3.10 a, b) reduce to the equations solved in [1]. 
The Boussinesq approximation can be used for small temperature differences ( T << 1, where cTTT  ), 
so that  
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)1( Tc          (3.11) 
where 
refT/1 , refT being an appropriate reference temperature. Eq (3.10a) can then be expressed as 
zr
vv
2Tr rc2c







 



       (3.12a) 
and, as uc << u inside the layer, eq (3.10b) simplifies to 
z
u2 c




         (3.12b) 
The above equations are valid for both laminar and turbulent flow in the Ekman layers, and the relevant 
equations for the inviscid core are discussed below. 
 
3.3 Compressibility effects 
Owing to the compressibility of the air in the cavity, the core temperature is assumed to increase 
adiabatically with radius. (This is analogous to the earth’s atmosphere where, owing to gravitational acceleration, 
the pressure and temperature decrease with vertical height; the decrease in temperature is referred to as the 
adiabatic lapse rate [5]. However, owing to the centripetal acceleration in the rotating core, the pressure and 
temperature increase with radius.) Note: all pressures, temperatures and densities used below are 
circumferentially-averaged static values. 
For a perfect gas 
c
c
c TR
p


        (3.13) 
and for adiabatic flow 
  
 c
cp = constant        (3.14)   
If the angular speed of the inviscid core is c then for radial equilibrium 
 r
dr
dp 2
cc
c          (3.15) 
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Integration of eq (3.15) using eq (3.14) gives 
 )xx(b
2
1pp 2
a
222
c
ac
c
c
c 





















     (3.16) 
where b/rx  , and
a,cca,cc ,pp   at axx  . Using eq (3.13), and noting that vp C/C  and vp CCR 
, it follows from eq (3.16) that  
)xx(
C2
b
TT
2
a
2
p
22
c
a,cc 

      (3.17)  
where 
a,cc TT  at axx  . 
Using the conventional notation of compressible flow, eq (3.17) can be expressed as 
)xx(Ma
2
1
1
T
T 2
a
22
c
a,c
c 



      (3.18a) 
It can be shown that 
)1/(
2
a
22
c
a,c
c )xx(Ma
2
1
1
p
p












     (3.18b) 
and  
)1/(1
2
a
22
c
a,c
c )xx(Ma
2
1
1














     (3.18c) 
The Mach number in the core, Mac, is defined as  
 
c
b
Ma cc

         (3.19) 
and the speed of sound, c,  
 a,cTRc          (3.20) 
Despite the fact that eqs (3.18a,b&c) have a similar form to the ratio of total to static values associated 
with nonrotating compressible flow,  the pressures, temperatures and densities in these equations are static values. 
For air, it is usually assumed that  = 1.4, which is the ratio of the specific heats. Strictly, this is valid only for 
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isentropic (reversible and adiabatic) flow, whereas in practice the flow will be nonisentropic. Consequently, it 
may be appropriate to use a value less than 1.4 for   when applying the above equations to experimental data. 
This is discussed further in Section 4.1. 
 
4. SOLUTION OF EKMAN-LAYER EQUATIONS FOR LAMINAR FLOW 
4.1 Assumed distribution of velocity and temperature 
Fig. 3 shows the assumed flow structure for the model. As the flow is radially inward in the Ekman 
layer on a heated rotating disc, u will be taken as positive in the negative radial direction. It is assumed that, as 
used in[1] for isothermal laminar Ekman-layer flow,  
  sinˆ  euu         (4.1a) 
and  
  cosevvv cc
        (4.1b) 
where 
 /z         (4.1c) 
so that   when z , being a convenient thickness of the Ekman layer. When cvvu  ,0, . Note that 
)(),(ˆˆ xvvxuu cc  ,where brx / , and the shapes of the velocity profiles are shown in Fig. 4.  
 
Fig. 3 Assumed flow structure 
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It is also assumed that T has the same form as the tangential velocity distribution in the Ekman layer, 
so that 
 
 coseTT c,o
        (4.2) 
where cTTT  and coc,o TTT  , Tc and To and being the temperatures of the core and the surface of the 
rotating disc respectively. When 0/,,   TTT c , and the radial variation of Tc is given by eq (3.17). 
 
Fig. 4 Assumed shape of velocity distributions in Ekman layer 
Some comments about the choice of profiles is needed here. It may seem strange to assume that the flow 
in the Ekman layers could be laminar at engine-operating conditions, where Grashof numbers of O(1012) are 
common. However, Coriolis forces can delay the onset of transition from laminar to turbulent flow in rotating 
cavities. For example, Bohn et al.  [13] correlated their measured Nusselt numbers for the shroud for buoyancy-
induced flow in a closed rotating cavity, for Grashof numbers up to 1012, with Gr0.22, which is closer to the laminar 
exponent of 1/4 than to the turbulent one of 1/3. Farthing et al.  [8] correlated their measured Nusselt numbers for 
the disc for buoyancy-induced flow in a rotating cavity with axial throughflow, for Grashof numbers up to 1011, 
with Gr0.25. It is unclear when transition occurs for buoyancy-induced flow in rotating cavities. 
The oscillatory nature of the velocity distributions, created by the exponentially-decaying sine and cosine 
functions shown in Fig. 4, may also seem strange to some readers but it has been observed to occur in laminar 
source-sink flow in rotating cavities [14]. As shown in [4], there is a strong analogy between the transfer of heat 
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and angular momentum in rotating cavities, and consequently the axial distributions of temperature and tangential 
velocity tend to be similar.  
To apply the model, it is necessary to decide whether or not heat is transferred from the Ekman layer to 
the core. If heat is not transferred to the core, the enthalpy of the fluid in the Ekman layer must increase as it 
flows radially inward. This implies that T must increase as x decreases: experiments, in which To decreases as 
x decreases, suggest the contrary. If heat is transferred to the core, this beg the question: As the axial gradient of 
temperature tends to zero at the edge of the Ekman layer, how could this heat transfer occur? A possible answer 
is that, although the average axial mass flux is zero, eq (3.3c) shows that the local flux varies circumferentially: 
this would allow convection of enthalpy into the core. 
In the solutions presented below, it is implicitly assumed that heat is transferred to the core. This will 
increase the enthalpy of the axial throughflow, which will put a constraint on the application of the solutions to a 
real problem: there must be a limit to the temperature rise of the throughflow beyond which buoyancy-induced 
flow cannot occur in the cavity. (Although heat transfer occurs from the disc to the air in the core, it is assumed 
that there is no significant heat transfer between the radial plumes of air and the cyclonic and anti-cyclonic vortices 
in the core. As assumed in Section 3.3, the circumferential-average temperature of the core can be considered to 
increase adiabatically with radius.) 
 
4.2 Calculation of thickness of Ekman layer 
For laminar flow, the radial momentum equation eq (3.12a) becomes 
2
2
c2
c
z
u
r
vv
2Tr







 
 

      (4.3) 
Using the Boussinesq approximation (when )1T , the density can be approximated by 
)1( Tc          (4.4) 
Using this approximation, and neglecting second-order density variations, eq (4.3) can be integrated across the 
layer to give 
o
2
2
c
c,o
0
2
c
u
dcose)
r
v
2T(r 













 

 



     (4.5) 
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where  /z and the subscript o denotes the disc surface at  = 0. It follows that 
 uˆ]
r
v
2T[r
2
1
2
2
c
c,o
2
c



       (4.6) 
Using eq (3.7), the mass flow rate is given by 
  durm 


0
2        (4.7) 
From eqs (4.1a) and (4.4), eq (4.7) becomes  
 )T
4
1
1(uˆrm c,oc  ur c ˆ      (4.8) 
and the variation of c with radius is given by eq (3.18c). 
Eliminating uˆ from eqs (4.6) and (4.8), it follows that 
32
c
22
2
c,o
c
c,o
r
m
2
T
1
r
v
21T














     (4.9) 
In practice cv < 0, so that the Coriolis force opposes the buoyancy force and reduces the mass flow rate in the 
Ekman layer. Also, in practice r/vc   is invariant with radius for buoyancy-induced flow, and it is assumed 
that 1Tr/v2 c,oc   . 
Eq (4.9) can be rearranged to give  
 
3/1
2
2
c
b,c
c
w2
x
1
)Co(Gr
C
2





















      (4.10) 
where  
 
b

           (4.11a) 
 
b
m
Cw


         (4.11b) 
 )TT(ReGr b,cb,o
2
c          (4.11c) 
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


2
Re
bb         (4.11d) 
 
)TT(
1
r
v
2Co
b,cb,o
c



      (4.11e) 
 
b,cb,o
co
TT
TT


         (4.11f) 
For simplicity,   and   are assumed to be constant, and the density ratio in eq (4.10) can be calculated 
using eq (3.18c). Note that Co, the Coriolis number, is an empirical constant that must be less than unity. 
 
4.3 Calculation of flow rate in Ekman layer 
The fluid enters the core in radial plumes and leaves via the Ekman layer. It is assumed that the frictional 
moment, M, on the rotating disc, between r = a and r = b, provides the increase in angular momentum between 
the fluid in the plumes entering the core and the fluid in the Ekman layer leaving the cavity. Treating the plumes 
and the Ekman layer as a continuous stream tube, the angular momentum equation can be expressed as  
)( ,, inout VVamM           (4.12) 
where inV , and outV , are the bulk-average tangential components of velocity, in a stationary frame of reference, 
of the fluid in the plumes and the Ekman layer respectively. At inlet to the plumes 
 )1(,
a
v
aavV
c
cin

       (4.13) 
At outlet from the Ekman layer, 
avV outout,          (4.14a)  
where 



0
out dzvu
m
a2
v 


       (4.14b) 
and  
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 cc
0
cc
0
vuˆ
8
3
d)cose1(sine
vuˆ
dzvu 




   



  (4.15) 
Hence, using eq (4.8), 
 cout vv
4
3
         (4.16) 
Consequently,  
 cinout vVV
4
1
,,          (4.17) 
and using 



cc
r
v 
         (4.18) 
it follows that 
 )VV(amM in,out,    = )(am4
1
c
2        (4.19) 
The frictional moment on the disc is given by 
 drrM
b
a
 
22        (4.20) 
where, using eqs (4.1b) and (4.1c),  
 

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

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

c
oo
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z
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


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


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








      (4.21) 
Hence 
xdxb)(2M
1
x
133
c
2
a

       (4.22) 
Equating eqs (4.19) and (4.22), it follows that  
xdxxC
ax
aw 

1
13228        (4.23) 
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Using eq (4.10) for  , eq (4.23) becomes 
228

 aw xC  dx
C
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x
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   (4.24) 
Rearranging eq (4.24)   
4/1
c
4/32/3
aw GrIx4C

        (4.25) 
where  
 xd)Co(xI
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
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
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
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
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It follows from eq (4.10) that 
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
     (4.27) 
4.4 Calculation of Nusselt numbers 
In the theoretical model, the local heat transfer coefficient ch , using Tc as the reference temperature, is 
defined as  
 
co
o
c,o
o
c
TT
q
T
q
h



       (4.28a) 
where oq  is the heat flux at the disc surface. In most experiments, where Tc is unknown, the heat transfer 
coefficient hf is defined as  
fo
o
f
TT
q
h

         (4.28b) 
where Tf  is the temperature of the axial thoughflow. It follows that if the heat fluxes are equal in these definitions 
then  
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TT
TT
h
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

         (4.29) 
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The heat flux is given by 
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Using eq (4.2), eq (4.28a) becomes 
 




b
kk
hc         (4.31) 
It follows from eq (4.27) that Nuc, the local Nusselt number based on hc, is   
k
rh
Nu cc 
4/1
c4/1
2/1
a Gr
I
x
2
1

3/1
5
2
b,c
c x)Co(



















    (4.32) 
where the integral  I is given by eq (4.26).   
In most experiments, the local Nusselt number, 
fNu , is based on hf, and it follows from eq (4.29) that 

k
rh
Nu
f
f c
fo
co Nu
TT
TT


      (4.33)  
and the experimental Grashof number, Grf, is usually defined as 
 f
2
f TReGr         (4.34) 
where 
fb,of TTT  . Grf  can be increased by increasing either Re or fT . However, it can be shown from 
eqs (3.17) and (4.33) that, owing to the adiabatic temperature rise in the core, Tc increases and fNu consequently 
decreases as Re increases. This means that the same value of fGr can result in different values of fNu , and it 
is possible for an increase in fGr to result in a decrease in fNu . This paradoxical behaviour has been observed 
by Tang et al.  [12]. 
 
5. CONCLUSIONS  
The Ekman-layer equations, which have previously been solved for isothermal source-sink flow in a 
rotating cavity, have been extended to buoyancy-induced flow. The principal assumption is that, although the flow 
in the inviscid core is three-dimensional and unsteady, the average flow in the Ekman layers is axisymmetric and 
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steady. As for source-sink flow, the average mass flow rate in the Ekman layers is assumed to be invariant with 
radius. In addition, it is assumed that the flow in the core is adiabatic, and consequently the core temperature is 
proportional to
22
c r . 
The solutions for laminar flow show that the mass flow rate in the Ekman layer is proportional to 4/1
cGr  
(where )(Re ,,
2
bcboc TTGr    and Re is the rotational Reynolds number); the thickness of the Ekman layer 
is proportional to 4/1
cGr
 . The solutions also show that cNu , the local Nusselt number based on the core 
temperature, is proportional to 4/1
cGr .  
As the core temperature increases as Re increases, it is possible for an increase in fGr , the 
experimental Grashof number, to result in a decrease in 
fNu , the measured Nusselt number.  
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